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In this work we use a multi-scale framework to calculate the fluidization threshold of three-dimensional
cohesive granulates under shear forces exerted by a creeping flow. A continuum model of flow through porous
media provides an analytical expression for the average drag force on a single grain. The balance equation
for the forces and a force propagation model are then used to investigate the effects of porosity and packing
structure on the stability of the pile. We obtain a closed-form expression for the instability threshold of a regular
packing of mono-disperse frictionless cohesive spherical grains in a planar fracture. Our result quantifies the
compound effect of structural (packing orientation and porosity) and dynamical properties of the system on its
stability.
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I. INTRODUCTION
Granulates are a large collection of macroscopic solid
grains. Dry and wet granulates are vital in a large variety of in-
dustries, ranging from pharmaceutical to mining [1, pp. 4-10],
from construction [2] to agricultural [1, pp. 10]. They also
play an important role in many geological processes, such as
land and mudslides [3], debris flows [4], erosion, particles re-
suspension by wind in humid regions [5], and dune formation
[6] that shape planets’ morphology including, but not limited
to, Earth [7].
Most theoretical and experimental studies focus on dry
granulates and their collective behaviour including pattern
formation [e.g., 7, 8], angle of stability/repose [e.g., 9, 10],
avalanches dynamics [e.g., 11, 12] and granular flows [e.g.,
13, 14]. However, as every child knows, adding even a small
quantity of liquid to a sandpile dramatically changes its prop-
erties.
Cohesive interactions due to capillarity exist in three-phase
systems such as partially-wet granulates where solid grains,
wetting and non-wetting fluids (e.g. water and air) coexist.
The existence of a cohesive force between grains leads to fun-
damentally different dynamics in wet granulates compared to
their dry (i.e. non-cohesive) counterpart. Such differences in-
clude stability of granular piles and the location in a granular
bed where incipient motion, either due to gravity [4, 15, 16]
or shearing [e.g., 17–20], is first observed.
The collective behaviour of cohesive grains has only re-
cently begun to be explored. A number of studies have fo-
cused on the dynamics of wet granular avalanches [e.g., 21]
and on the effect of humidity [22–24] and capillary forces
[15, 25, 26] on the static properties of granulates in both
engineering applications [23] and natural systems, e.g. soil
[27]. A number of different models have been proposed to
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study the geometric stability of wet piles, including Mohr-
Coulomb continuum [28], liquid-bridge [15] and response
function [16, 29, 30] models.
While such models are invaluable in shedding light into the
properties of cohesive granulates, natural systems often in-
clude a number of additional forcing factors that might sig-
nificantly affect the stability of granulates in the environment.
In geological systems, instability is triggered by a combina-
tion of body forces (e.g. gravity) and hydrodynamic shearing
due to the creeping motion of a fluid through the granulate.
This is especially true in processes such as cliff instability
and landslides, sediment transport in submerged environments
(e.g. seafloor transport), and fluidization of fines in fractures
during pumping operations or oil recovery, just to mention
a few. Even though the understanding of how flow-induced
shear forces affect the stability of granular matter is of ut-
most importance to better quantify the processes that trigger a
fluidization event, incorporating such effects is a challenging
task since it requires the solution of Navier-Stokes equations
in highly complex geometries.
In the present work we address this problem in a multi-scale
framework and quantify the effect of dynamic shearing forces
due to the creeping flow of a fluid (e.g. air) on the onset of in-
stability (i.e. fluidization) of a cohesive granular pile (Fig. 1).
Explicit analytical solutions are obtained for a model setting
where the granulate is constituted of mono-disperse, friction-
less, cohesive grains arranged in a regular packing. The cohe-
sive interactions are due to the presence of capillary bridges
formed by a wetting fluid, e.g. water, at the contact points be-
tween grains. Complications associated with random packing
and friction between particles need not be taken into account
to obtain reasonable results, as shown in [15].
In section II, we treat the cohesive granulate as a porous
medium, and introduce a continuum-scale Darcy-Brinkmann
model for the flow and the average drag force exerted by the
fluid on the grains. Section III discusses a pore-scale network
model for the force propagation through the pile. Location
of failure and maximum load are derived. In section IV the
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2FIG. 1. Schematic of the domain on the left, and shape of the average
velocity profile through the channel, on the right. The grains are
assumed to be cohesive.
stability criterion is formulated in terms of the capillary num-
ber, that represents the relative strength between destabilising
flow-induced shear and stabilising capillary (cohesive) forces,
and the packing orientation relative to the average flow di-
rection. The main results and conclusions are summarised in
section V. For simplicity, gravity is here neglected. Generali-
sation to include gravity effects is straightforward.
II. CONTINUUM-SCALE MODEL OF FLOW AND DRAG
IN A BRINKMANMEDIUM
We consider a fully developed incompressible fluid flow,
e.g. air, between two infinite parallel plates separated by the
distance of H + 2L. The bottom part of the flow domain,
−H < yˆ < 0, is occupied by a packing of cohesive (e.g.
water-wet) mono-disperse rigid frictionless spheres of radius
R. The (air) flow is driven by an externally imposed (mean)
constant pressure gradient dxˆpˆ < 0. Therefore, each spherical
grain is subject to a drag force due to aerodynamic stresses and
attractive capillary bridge forces.
Since we are concerned with the fluidization threshold of
the sphere packing, initially at rest, we treat the sphere-packed
region as a porous medium with porosity φ and constant per-
meability K. This allows us to decouple an analysis of the
flow from that of the granulate dynamics. We allow the flow
over the granulate to span both laminar and turbulent regimes.
Channel flow through, yˆ ∈ (−H, 0), and over, yˆ ∈ (0, 2L), a
permeable layer can be described by coupling Brinkman with
Navier-Stokes or Reynolds equation for the horizontal com-
ponent uˆ(yˆ) of the average velocity uˆ(uˆ, vˆ) [31, 32]
µedyˆyˆuˆ− µK−1uˆ− dxˆpˆ = 0 yˆ ∈ (−H, 0), (1a)
µdyˆyˆuˆ− ργdyˆ〈uˆ′vˆ′〉 − dxˆpˆ = 0 yˆ ∈ (0, 2L), (1b)
where dxˆpˆ is a mean constant pressure gradient, µ and ρ are
the fluid’s dynamic viscosity and density, respectively, and
µe is its “effective” viscosity that accounts for the slip at the
spheres walls. In the laminar regime (γ = 0), uˆ is the ac-
tual velocity and vˆ ≡ 0. In the turbulent regime (γ = 1),
the actual velocity is decomposed into a mean velocity uˆ and
velocity fluctuations uˆ′ and vˆ′ about their respective means.
〈uˆ′vˆ′〉 denotes the Reynolds stress. Fully-developed turbulent
channel flow has velocity statistics that depend on yˆ only.
In both laminar and turbulent regimes, the no-slip condition
requires zero velocity at yˆ = −H and yˆ = 2L, and the conti-
nuity of velocity and shear stress is prescribed at the interface,
yˆ = 0, between the free and filtration flows [33]:
uˆ(−H) = uˆ(2L) = 0, uˆ(0−) = uˆ(0−) = Uˆ ,
µe dyˆuˆ|0− = µ dyˆuˆ|0+ (2)
where Uˆ is an unknown matching velocity at the interface be-
tween channel flow and porous medium.
Choosing (µ,H, q), with q = −µ−1H2dxˆpˆ a characteristic
Darcy velocity, as the repeating variables, the problem can be
formulated in dimensionless form. Then, inside the granular
medium, the solution for the dimensionless velocity distribu-
tion u = uˆ/q is given by [31]
u(y) = M−1λ−2 +C1eλy+C2e−λy, y ∈ (−1, 0), (3a)
where y = yˆ/H , M = µe/µ, δ = L/H , λ2 = H2/(MK),
and
C1,2 = ± 1
Mλ2
(Mλ2U − 1)e±λ + 1
eλ − e−λ , (3b)
U =
1
βMλ2
(1− sechλ+ δλ tanhλ) , (3c)
with U = Uˆ/q the dimensionless interfacial velocity, and β =
1 or β = 1+(tanhλ)/(2δMλ) for turbulent or laminar regime
in the channel, respectively. In the following, we set M =
1 since the fluid does not experience any slip on the grains’
walls.
The total drag on a sphere in an unbounded Brinkman
medium is given by [34–36]
Fˆ = 6piµRg(φ)Vˆ, (4)
where Vˆ is a uniform velocity at infinity, g(φ) = 1 + 3√
2
(1−
φ)1/2 + 13564 (1−φ) ln(1−φ)+16.456(1−φ)+o(1−φ) [37,
p.508, eq. (19.119)] and φ is porosity. Permeability, obtained
by self-consistent arguments, is given by K = ksg−1(φ)
[35, 36], where ks = 29R
2(1 − φ)−1 is the well-known
Stokes result, for low-porosity packing of spheres. Since
non-uniform velocity effects in Eq. (3a) are confined to a
small region close to the upper and lower boundaries of the
granulate, we employ a vertically averaged velocity u¯(y) to
calculate a first-order approximation of the drag. Therefore,
combining Eqs. (3a) and (4), the dimensionless drag force
F(y) := (µqH)−1Fˆ = [F (y), 0, 0] = F (y)e1 exerted by the
fluid on a sphere centered at y, is given by
F (y) = 3pig(φ)u¯(y) (5)
where  = 2R/H is the dimensionless grain diameter, u¯(y) =
1
2h¯
∫ y+h¯
y−h¯ u(y
′)dy′ is an average velocity across a layer of
thickness 2h¯, and e1 is the unit vector in the x-direction.
In the following section we specialize the analysis to a regu-
lar (cubic) packing of spheres. This will allow us to determine
the network of forces, and consequently the maximum load,
developed inside the pile.
3FIG. 2. (a) Top view of the structure of a two-layer 3-dimensional
pile of spheres of dimensionless diameter . (b) Sketch of the tetra-
hedron obtained by connecting the centers of the 4-sphere structure
(left). ` and h represent the intralayer and iterlayer distances be-
tween sphere centers belonging to either the same or adjacent layers,
respectively. eα, α = {1, 2, 3}, are unit vectors of the canonical
orthonormal basis of the Euclidean space. bα, α = {1, 2, 3}, are
unit vectors along the lattice directions connecting the center of the
supported sphere with the centers of the supporting spheres.
III. FORCE NETWORKMODEL AND MAXIMUM LOAD
A. Geometry and packing
Let the mono-disperse cohesive grains be arranged in an
isostatic packing, obtained by expanding a face-centered cu-
bic packing so to eliminate interlayer contacts, with the (111)-
face of the crystal parallel to the bottom wall of the channel.
Such expanded packing configuration will be referred to as
cubic expanded packing (CEP). From the first two layers of
spheres (AB), a CEP arrangement can be obtained if every
third layer is the same [38]. Figures 2(a) and (b) show the
top and side views of the structure of the first two layers of
spheres. While we focus on such a specific grains’ arrange-
ment, we stress that the analysis can be easily generalised to
other regular packing structures. Let ˆ`, with 2R < ˆ`< 2
√
3R,
be the pitch in the x − z (horizontal) plane, i.e. the distance
between the centers of spheres belonging to the same layer,
and hˆ the pitch in the y − z (vertical) plane, i.e. the distance
between two adjacent layers (Fig. 2). The dimensionless in-
terlayer and intralayer distances h = hˆH−1 and ` = ˆ`H−1,
respectively, are related as follows h = [1 − 13 (`/)2]1/2.
Porosity, φ, amounts to φ = 1 − pi[3(`/)2√3− (`/)2]−1,
with  < ` <
√
3. When ` =  the close packing is recov-
ered and φ → φc ≈ 0.26, corresponding to the face-centered
cubic packing fraction of spheres, sc = pi/3
√
2 ≈ 0.74. If
`→ √3, h→ 0 and the four spheres lie on the same level.
Let N + 1 be the total number of layers in the pile. The
bottom layer of grains is immobile and is called a wall. There-
fore only N layers are mobile. Let n = {1, · · · , N} denote
the (mobile) layer number. The layer sitting immediately on
the wall has n = 1. The layer enumeration continues moving
up to the top-most layer in the pile where n = N (see Fig. 3).
The number of mobile layers, N , and the height of the pile,
−1
−1 + h
0
y
wall
layer 1
layer 2
layer i
...
...
−1 + (i− 1)h
−1 + ih
layer N
layer N − 1−1 + (N − 1)h
FIG. 3. Schematics of the layer enumeration. The dashed horizon-
tal lines represent the location of the contacts between two adjacent
layers of grains.
H , are related through H = Nhˆ or in terms of dimensionless
quantities N = 1/h.
In the following section a pore-scale force network model
is used to determine the location and the modulus of the max-
imum load in the pile.
B. Propagation of forces
Let Fk be the sum of the external forces acting on grain k
(e.g. drag), and gkl = gklbkl the force exerted from grain k
to grain l, where bkl is a unit vector pointing from grain k to
grain l and gkl is the magnitude of the force; gkl is positive for
compressive forces and negative otherwise. Whenever there
is a stretched capillary bridge between two grains k and l,
the force exerted by grain k on l is attractive and equal to a
constant value fkl = fbbkl where fb > 0. This simplifying
assumption that the capillary force is a constant, irrespective
of grain separation distance, has demonstrated to provide good
description of collective behaviour of wet granulates [16, 39,
40]. The force distribution can be uniquely determined by
solving the following system for the unknowns gkl∑
l
gkl = Fk, ∀k, l = 1, ...,M, (6)
with M the total number of grains. There is a unique solu-
tion for the force distribution [16, 29, 30] in d dimensions, if
the packing is isostatic, i.e., if the average number ν of neigh-
bours per grain equals 2d. Note, however, that this solution
does not necessarily comply with the constraint that contacts
break when tensile forces exceed the capillary bridge force.
Upon variation of parameters a regular packing yields when
this additional requirement is first violated, i.e., the packing is
stable as long as gkl + fb > 0, ∀k, l. Specifically, in a regu-
lar isostatic 3-dimensional CEP packing of grains bounded by
a solid wall at the bottom and a free surface at the top each
sphere is supported by d = 3 contacts from grains further
down in the pile. For any couple (k, l) of grains in contact, the
unit vector bkl connecting their centers is aligned to one of the
(three) CEP-lattice directions. The external force (e.g. drag)
4exerted on each grain up in the pile propagates unchanged
down through the pile to the first mobile layer (n = 1) along
such directions as discussed in [16]. Therefore, the maximum
load is experienced from grains at the bottom of the pile, i.e.
n = 1, and the stability threshold is determined by the re-
spective bonds carrying the highest load. Next, we calculate
the maximum destabilising force exerted on the lower-most
grains in the pile.
C. Maximum load
From the continuum model solution, the average drag force
F(n) = [F (n), 0, 0] = F (n)e1 exerted by the fluid on a grain
belonging to layer n can be obtained by setting the averaging
interval in Eq. (5) equal to the layer thickness, i.e. 2h¯ = h,
F (n) =
3pi
h
g(φ)
∫ −1+nh
−1+(n−1)h
u(y)dy, n = 1, · · · , N. (7)
where u(y) is given by Eq. (3). Therefore,
F (n) =
3pi
λh
g(φ)
[
h
Mλ
+ C1e
λ(−1+nh) (1− e−λh)+
−C2eλ(1−nh)
(
1− eλh)] , (8)
for n = 1, · · · , N, which gives the drag distribution due to
aerodynamic shear exerted by the creeping fluid on the wet
granular bed. The maximum load F¯, exerted on the grains of
the first layer (n = 1), is
F¯ =
N∑
n=1
F(n). (9)
Combining Eqs. (9) and (7) or (8) we obtain
F¯ = e1
3pi
h
g(φ)
∫ 0
−1
u(y)dy, (10)
which gives
F¯ =
3pi
h
g(φ)Uave1, (11)
where
Uav =
1
Mλ3
[
λ+
(
Mλ2U − 2) (cothλ− cschλ)] , (12)
is the average velocity across the granulate, and U is given by
Eq. (3c) for laminar and turbulent regimes above the granu-
late.
IV. FLUIDIZATION THRESHOLD
While the maximum destabilizing average force F¯ on each
grain in the bottom layer due to Stokes flow in the pile is paral-
lel to the channel boundary, the stabilizing capillary forces act
along the lattice directions {b1,b2,b3}, see Fig. 2(b). There-
fore, if the components of the total force F¯ along such di-
rections are less than the capillary forces (assumed constant),
the pile is stable: the stability criterion can be formulated
by decomposing the force F¯ onto the non-orthogonal basis
{b1,b2,b3} uniquely identified by the structure of the pack-
ing.
In the following, we proceed with the non-orthogonal pro-
jection of the maximum load which allows us to analytically
calculate the instability threshold while incorporating the im-
pact of the lattice orientation relative to the average flow di-
rection. We stress that such approach is readily generaliz-
able to other packing structures and to incorporate any type
of de/stabilizing forces (e.g. gravity, friction).
A. Non-orthogonal projection
Let E = {e1, e2, e3} be the canonical orthonormal basis
of the Euclidean space R3 and B = {b1,b2,b3} a generally
non-orthogonal basis with bα unit vectors, and α = {1, 2, 3}.
Let Fα be the components of the maximum force F¯ in the
canonical basis, and F ′α its components in the basis B, i.e.
F¯ =
3∑
α=1
Fαeα =
3∑
α=1
F ′αbα. (13)
The components of F¯ in the two basis are related through a
linear transformation A,
(F1, F2, F3) = A(F
′
1, F
′
2, F
′
3) (14)
with (F1, F2, F3) and (F ′1, F
′
2, F
′
3) column vectors, andA the
matrix of direction cosines whose components are defined as
Aαβ = cos(bβ , eα) = bβ · eα.
In the B-coordinate system and for any sphere belonging to
the first mobile layer (i.e. n = 1), Eq. (6) simplifies to
F ′α = fb α = {1, 2, 3}, (15)
and the stability criterion is
F ′α ≤ fb, α = {1, 2, 3}. (16)
Combining Eqs. (14) and (16) yields to
BαβFβ ≤ fb, α, β = {1, 2, 3}, (17)
where Bαβ are the components of B := A−1. If the compo-
nents of the maximum load Fβ satisfy the system of (three)
equations (17), then the pile is stable. Alternatively, Eq. (17)
can be solved for the unknowns Fβ , which provide the maxi-
mum magnitude of the components of the load that the capil-
lary forces in the bottom layer can sustain.
The effect of the packing orientation on the pile stability
can be readily incorporated. Without loss of generality, let us
consider a counterclockwise rotation of the pile (and therefore
of the basis B) around the wall-normal, i.e. y-axis (see Fig-
ures 4 (a) and (b)). Such solid-body rotation is fully described
by the rotation matrix Ry(θ) defined as
5FIG. 4. Top view of the bottom two layers of a regular isostatic
packing of mono-disperse spheres before (a) and after (b) a counter-
clockwise rotation θ of the packing.
Ry(θ) =
 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ
 (18)
where θ is the rotation angle. The matrix of direction cosines
for the rotated system, Aθ, is
Aθ = Ry(θ)A. (19)
The stability criterion, given by Eq. (16), now implies
Bθ,αβFβ ≤ fb (20)
where Bθ,αβ are the components of Bθ = (Aθ)−1, which
gives a generalized stability criterion for an arbitrary orienta-
tion of the packing structure relative to the average direction
of the aerodynamic drag.
B. Stability Diagram
Let us consider the Cartesian coordinate system as depicted
in Fig. 1, where the axis e1 and e2 of the Cartesian basis E
are parallel and orthogonal to the fracture boundary. We take
the projection of b1 onto the xz-plane parallel to e1 as a ref-
erence configuration for the packing orientation (Fig. 4(a)).
Therefore, the components of the basis vectors {b1,b2,b3}
in the canonical basis E and the matrix of direction cosines A
are
b1 =
1


√
3
3 `
−h
0
 , b2 = 1

−
√
3
6 `
−h
− 12`
 , b3 = 1

−
√
3
6 `
−h
1
2`
 ,
A =
1


√
3
3 ` −
√
3
6 ` −
√
3
6 `
−h −h −h
0 − 12` 12`
 . (21)
The matrix of direction cosines Aθ after a counterclockwise
rotation of angle θ about e2-axis (Fig. 4 (b)) has the following
components
[Aθ]ij =
1

Aθ,ij (22)
where
Aθ,11 =
√
3
3
` cos θ,
Aθ,12 = −
√
3
6
` cos θ − `
2
sin θ,
Aθ,13 = −
√
3
6
` cos θ +
`
2
sin θ,
Aθ,21 = Aθ,22 = Aθ,23 = −h, (23)
Aθ,31 = −
√
3
3
` sin θ,
Aθ,32 =
√
3
6
` sin θ − `
2
cos θ,
Aθ,33 =
√
3
6
` sin θ +
`
2
cos θ.
Therefore, combining the stability criterion, Eq. (20), with
Eqs. (11), (22), and (23), we obtain the following system of
equations 
2
√
3
3
( 
`
)
F cos θ < fb
−2
√
3
3
( 
`
)
F cos (θ − pi/3) < fb
−2
√
3
3
( 
`
)
F cos (θ + pi/3) < fb
, (24)
where F = 3pih−1g(φ)Uav is the total force exerted by the
fluid and the pile on the first layer of grains (n = 1). The
stability criterion, Eq. (24), can be re-written as
1− 2
√
3
3
Ca? cos θ > 0
1 +
2
√
3
3
Ca? cos (θ − pi/3) > 0
1 +
2
√
3
3
Ca? cos(θ + pi/3) > 0
, (25)
where Ca? is a capillary number that incorporates geometrical
effects of the porous structure and is defined as
Ca? =
p(, `)Uav
fb
, (26)
where p(, `) = 3pi2g(φ)/`h incorporates the impact of
pore-scale geometry, and φ and h are uniquely determined for
6FIG. 5. Fluidization threshold of a wet granulate under flow-induced
shear in terms of packing orientation θ and capillary number Ca?.
any fixed (, `). Assuming a toroidal shape of the liquid sur-
face of the capillary bridges, the dimensional capillary force
fˆb = µqHfb can be related to the dimensional surface tension
γˆ = µqγ and the contact angle between the wetting liquid
(e.g. water) and the surface of the spheres η by
fˆb = 2piRγˆ cos η (27)
[41, p. 190]. Therefore,
Ca? =
p′(, `)
cos η
Ca, (28)
where p′ = 3g/(`h) and Ca = µUˆav/γˆ is the capillary
number defined in terms of the average velocity Uˆav. Solving
Eq. (25) leads to the following stability criterion for the CEP
as a function of packing orientation θ and capillary number
Ca?,
Ca? <
√
3
2 , stable ∀θ
Ca? >
√
3, unstable ∀θ
Ca? ∈ (
√
3
2 ,
√
3), stable if θ ∈ [acos(√3/2Ca?),
2
3pi − acos(
√
3/2Ca?)
]
(29)
A graphical representation of Eq. (29) is provided in Fig-
ure 5. The stability of a pile with CEP arrangement of its
grains is affected by the orientation of the lattice directions
relative to the average velocity of the flow by a factor of 2
(Fig. 5): the pile orientation determines how the destabilis-
ing hydrodynamic forces decompose along the lattice direc-
tions and, consequently, how they are balanced by the stabil-
ising capillary forces acting at the contact points. Combining
Eqs. (26) and (27), Ca? can be written as follows
Ca? =
(
3µ2g(φ)
2γˆ`h cos η
)
H
R
Uˆav (30)
Besides the geometrical arrangement and the physical proper-
ties of the wetting and non-wetting fluids (first parenthesis on
the RHS), two relevant parameters that control the fluidiza-
tion threshold are the average velocity across the granulate
and the number of layers, since Ca? is proportional to H/R.
While filtration velocities in low permeability porous media
are generally very small, scale effects play a crucial role in
determining whether or not flow-induced shear might become
a significant source of instability of unconsolidated cohesive
granulates.
V. SUMMARY AND CONCLUSIONS
In many environmental and industrial systems, the insta-
bility of cohesive granulates is triggered by a combination
of body (e.g. gravity), surface (e.g. friction) and (bound-
ary and/or flow-induced) shearing forces. Flow-induced shear
forces represent an important instability factor in many sys-
tems where fluid flow occurs, e.g. cliff instability after heavy
rainfall, sediment transport in submerged environments, and
pumping operations during oil recovery, just to mention a few.
While a number of works have focused on the effect of fric-
tion, gravity and boundary shearing on cohesive granulates
instability, studying the impact of flow-induced shear forces
represents a major challenge since it would a priori require the
full (numerical) solution of Navier-Stokes equations in highly
complex geometry for drag computation.
In this work we use a multi-scale framework to account for
the effect of fluid dynamic shearing on the stability of cohe-
sive granulates. We provide closed-form expressions for the
instability threshold, due to flow-induced shear forces, of a
regular packing of cohesive mono-disperse spherical grains
in a planar fracture. Without loss of generality, the analy-
sis is specialised to cohesive forces of capillary nature. In
this setting, the compound effect of structural (e.g. poros-
ity, grain contacts distribution, pile orientation) and dynam-
ical (e.g. capillary and fluid-dynamics forces) properties of
the system on its stability is taken into account. The impact of
packing orientation is also quantified: the orientation of a CEP
pile affects its stability threshold by a factor of 2. Moreover,
we identify the capillary number, Ca?, Eq. (26), as the dimen-
sionless parameter that controls the instability threshold. Ca?
is the ratio between destabilizing fluid dynamic shear forces
and stabilizing cohesive (capillary) forces, given by Eqs. (10)
and (27), respectively. It is defined in terms of the average
shearing velocity Uˆav, the fluid viscosity µ, the surface ten-
sion γˆ, the geometrical arrangement of the grains, the contact
angle η between wetting liquid and the surface of the solid
grains, and the ratio between the height of the pile H and the
typical grain diameter R. This implies that even though filtra-
tion velocities might be very small, creeping flow might play
a key role in the instability of unconsolidated cohesive granu-
lates due to scale effects. We stress that, while applied to co-
hesive capillary forces, the method can also be used to model
any type of cohesive forces (e.g. Van der Waals). Generalisa-
tion to include gravity and/or friction is also straightforward.
Idealized systems as those considered in this study can pro-
7vide interesting insights on the salient features, for example,
location of failure, and relevant parameters controlling co-
hesive granulates instabilities induced by fluid shear. Also,
since regularly arranged monodisperse granulates lead to a
uniform distribution of the loads, their instability threshold
might provide a sufficient condition for the instability of sim-
ilarly loaded/sheared disordered packings where the load is
highly localized to fewer force chains bearing a higher maxi-
mum load.
Real systems, on the other hand, exhibit a host of additional
features including grains polidispersity in size and shape, ad-
ditional forcing factors (e.g., gravity, friction, nonuniform dis-
tribution of cohesive forces), and fluid anomalous rheology
(i.e., non-Newtonian behavior). These affect the force bal-
ance at both a local and global level due to structural changes
of the force network and contact loads distribution. In ran-
dom packings, the latter is highly anisotropic and inhomoge-
neous due to the presence of force chains that bear most of
the load. While such inhomogeneity might potentially induce
significant deviations from the behavior of cohesive granu-
lates with a regular arrangement of grains, it has been shown
that analysis/predictions based upon regular arrangements of
frictionless monodisperse spheres provide remarkably good
predictions concerning the stability properties of nonspheri-
cal randomly packed frictional granulates [15]. This might
be attributed to the observed constant mechanical strength of
randomly packed wet granulates over a wide range of wetting
liquid contents [41]. Scheel et al. [41] theoretically derived
the cohesivity of randomly packed glass beads by approximat-
ing them with uniform arrangements of frictionless spheres.
Their experiments on both monodisperse and polydisperse
sand grains led to a remarkably good match with their theoret-
ical predictions. It has been therefore speculated that rough-
ness, as well as randomness, might play only a secondary role
in determining the static and dynamic properties of random
polydisperse granulates [42]. Fully quantitative investigations
on random (polydisperse) granulates are therefore needed to
elucidate such mechanisms.
The study of contact loads distribution in random networks
related to the onset of instability poses significant additional
analytical challenges since it requires the evaluation of loads
spatial distribution. More importantly, the tails of such distri-
butions have to be evaluated since they are associated to the
maximum loads, which drive the global instability of the sys-
tem. While analytical probability density function (pdf) meth-
ods might be employed to obtain the full pdf of the contact
loads, load redistribution to surviving chains after local rup-
ture could be addressed by, for example, random fiber bun-
dle model [43]. A combination of such analytical and nu-
merical methods could represent an alternative to computa-
tionally intensive full molecular dynamics simulations. In ad-
dition, many fluids in natural, industrial, and biological sys-
tems exhibit non-Newtonian behavior (e.g., oil, paints, blood).
Anomalous rheology of the flowing fluid dramatically affects
the macroscopic behavior of the system, its governing equa-
tions, and the stress distribution inside the granulate due to
the nonlinear coupling between pore-space geometry and the
rheological properties of the fluid [44]. Nevertheless, it has
been showed that power-law fluids exhibit universality behav-
ior, and that their flow properties might belong to the same
universality class of Newtonian fluid flows [44]. This sug-
gests that the approach employed in our study could be easily
generalized to non-Newtonian fluids. The application of pdf
methods to randomly packed cohesive granulates instability
will be object of future investigations, together with the study
of regular packing structures other than cubic (e.g., arrange-
ments derived from hexagonal close packing), size and den-
sity polydispersity, and the effect of fluid non-Newtonicity.
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